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THEOREM ON UNIFORM CONTINUITY OF
CONONICAL POTENTIAL

Abstract: Cononical potential j K,(z;$)dy(&) is important in the theory of

subharmonic and & -subharmonic functions. Classical properties were
presented in many monographs, for example, in the works of N. S. Landkoff and

V. S. Azarin. The paper considers the case: measure » in the plane. For any
z € C we consider the Cononical potential as an element of the spaces L, (y; C).
In this article we give a sufficient condition on a measure y the function

ij(z;g)dy(g) e L, (y; C) to be uniformly continious in the parameter z in C.

Key words: Cononical potential, Borel measure, uniform continuity,

Minkowski inequality, Lebesgue measure.

Hryen Ban Kyunnb

Kanaunar ¢gpusuko-MmareMaTuyecKuX HaAyK, CTAPUIUAI NPENnoaaBaTe/ib
dakyJbTeTa QYHIAMEHTAJIBHON HAYKH, YHUBEpPCcUTET XaHOU
npombinieHHocTH, Ha Noi, BbeTHam.

Jle Aub Txaur

MarucTp MaTeMaTH4eCKUX HAYK, CTAPIIMA NpenoaaBareib
dakyabTeTa QyHIAMEHTAJIBLHONH HAYKH, YHUBEpPCUTET XaHOU

npombinieHHocTH, Ha Noi, BbeTHam.
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TEOPEMA O PABHOMEPHOM HEITPEPBIBHOCTH
JJOTAPUOMHUNYECKOI'O ITOTEHLHHAJIA

Anorauusi: KoHOHMYECKUI MOTEHIMAI J'Kp(z;g )dy () Urpaet BaXKHYIO pOJIb B

TEOpUU CyOrapMOHHUYECKUX U & -cyOrapMoHnueckux QyHkuuil. Knaccuueckue
CBOMCTBA ObUIN TMpeACTaBICHBl BO MHOTUX MoHOrpadusax. OrmeruMm, 4to A.D.

['putun u A. llyurn u3yuunu ciayyai, Korjga Mepa y €CTh OTpaHUYEHUE MEPHI
Jlebera Ha moxyrmiaockocTH. B pabore paccmarpuBaeTcs ciydail: mepa y B

mockoctu. [{ns moboro z € C Mbl paccMaTpyBaeM KOHOHWYECKUW MOTEHIUANT

KaK dIeMEHT npocTpancTB L, (y; C). B oToM cTaThe NpMBOAUTCS NOCTATOYHOE

YCJIOBHE HA MEpPY y ISl TOTO, YTOOBI (DYHKITHS I K,(z:£)dy (<) €L, (y; C) Obuna

PaBHOMEPHO HENpepbIBHOM 110 napametpy z B C.
KiroueBble cJji0Ba: KOHOHMYECKHHA TOTEHIMal, OopeleBckas Mepa,

PaBHOMCpHAA HCIIPCPBIBHOCTL, HCPABCHCTBO MI/IHKOBCKOFO, MCpa JleOera.

The theory of generalized functions is a basis for progress in many areas of
mathematics and finds extensive applications in physics. One of the subdivisions
of mathematics which is strongly influenced by the theory of generalized
functions is the theory of subharmonic functions. Using generalized functions
Azarin [1] constructed a theory of limit sets of subharmonic functions and
measures, which is a significant contribution to the theory of subharmonic
functions.

The best-known result in this area belong to Hormander [7]. In particular,
he proved that the convergence of a sequence of subharmonic functions in a
domain G as a sequence of the theory of generalized functions in G is
equivalent to the convergence in the space L, ;,.(v; C).

We will use the following notation:
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B(z,;R) ={z €C:|z-2,|<R};CB(z,;R) =C/ B(z,; R).

In the theory of subharmonic and & -subharmonic functions in the plane C,

an important role is played by the kernel:

K (z )= Re[ln[l—z)+;+ +[1)42pr

where p € N. For all z, £ e C we have the inequality ([8], Lemma 2):

K, <M 1

where M(p) depends only on p. Let » be the Radon measure in C . We consider
the following potential

K@) =[K,(z:)dr(¢),

which we shall call the canonical potential of the measure 5.

In this paper, we consider this Cononical potential K(z) as a map from the
space C into the space L, (C;dy(¢)). In this case, we can write K(z):C — L, (»).

The convergence of a sequence u,(z) to u(z) in the space L (y;C)means the
following. If » is the restriction of the Lebesgue measure to a compactum K
contained in the space C, then [[|u,(z)-u(2)|dy(2) >0  (n— ).

We state several well-known results obtained in this area. We have already
mentioned Hormander’s proposition [8]. Hormander considered the
multidimensional case; we consider the case where the dimension of the space is

m=2, although the requirement m=2 is not essential in many of our arguments.

It is important for what follows that the dependence of K(z) on z be uniformly

continuous.

In the present paper we find sufficient conditions on a measure » with

support compactly embedded in G that guarantee the convergence in the space

L. (»;C) of sequences of subharmonic functions that converge in the sense of the

theory of generalized functions.
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We state several well-known results obtained in this area. We have already
mentioned  Hormander’s  proposition. = Hormander  considered the
multidimensional
case; we consider the case where the dimension of the space is m=2, although
the requirement m=2 is not essential in many of our arguments. The following
was proved in [10], Theorem 5. Suppose that y, is a uniformly compactly
supported sequence of Borel measures, supp y, < C, and the measures yn
have uniformly bounded variation and weakly converge to the zero measure.

The uniform continuity of these functions is a restriction on the measure »
which appears in the theorems that are the principal results of the paper. It is
important for what follows that the dependence of K(z) be uniformly
continuous.

Theorem. Let m > 1 be an arbitrary fixed number. Suppose that » is a

positive finite Borel measure with compact support that satisfies the condition

supp y < C. In addition, suppose that

sup{ | |Kp<z:4>|mdy(§>:zec}+o; )
- (06 -0).
Then the function K(z):C —L_(») is uniformly continuous with respect to the
variable z in the space C.
Proof. We divide the proof into several stages.

1. Since we have

K, (z;¢) = Re[ln(l—ijj+Re(£+...+lij= In‘l—E
¢ ¢ psP ¢

Obviously the function K *(z;¢):C —L,(») is uniformly continuous with respect

+K N z;0)

to the variable z in the space C.
2. We set

"Teopusi 1 NPAKTHKA COBPEeMEHHOI HayKu' Nel(67) 2021



w(zl;zz)z(junlz1—§|—ln|zz—4||pdy(§)j ; F(z)=[j|ln|z—4||pdy(4)j

Up

Since the Logarithmic potential as a function from C into R, is not

bounded, we need to prove the convergence of the integrals introduced above.

We do this at the first stage. It follows from the Minkowski inequality that

F(z)s( | |In|z—¢||*’dy(§)} +[ | |In|z—4||pdy<4>} =3+,

B(z:9) CB(z;9)
where CB(z;6) =C\B(z;0) .
We prove that the inequality

1
In|z—¢||<In=
|n|z || n5

3)

holds for sufficiently small 5 and for ¢ <(suppy)NCB(z;5). From the inequality

(3) we obtain that J, < In%(y(C))ﬂp. By the hypothesis of the theorem, J, <1 for

sufficiently small 5. Hence, F(z) is finite. What has been proved can also be

stated as follows: for any ze< C the function K(z) is an element of the space

L,(»). The inequality y(z;;z,) <F(z)+F(z,) impliesthat w(z;z,) is finite.

3. We prove that the inequality
1
V.In|z-¢||<=.
‘ ¢ n|z 4”<5

holds for |z-¢|>6.

"o X (¢
e ™

From these estimates it is easy to obtain inequality

V. In| z—g|=((|n|z—§|)'ﬂj2+((|n|z—c;

Thus the inequality (4) is proved.

Let z=x+iy; £ =n+ir we have (In|z-¢])

4. This is the most essential part of the proof. We claim that

) jz t L
i |z-¢| o

(4)
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w(z;z,) >0 (z—>2z,).
Let & be an arbitrary number. We assume that the inequality |z-z,| <&

holds. Consecutive application of the Minkowski inequality [4] and the

inclusion B(z,;26) = B(z;35) Yyields

CB(z;35) CB(z9:25)

W(z;zo)S[ ] |In|z—4||pd7(4)J +( ] |In|z—4|—ln|zo—4||"dy(§>] +

Up
+[ [ |In|zo—4||pdy(4)) =3,+3,+3,

CB(zy;25)

If ¢ ¢B(z,;25) and |z-z,|< &, then the inequalities |w-¢|>¢s and
v, In|z—§|‘£% hold for any we B(z,;|z-z)).

The estimate of the gradient implies that

1 1
In| z—g”|—|n|zo—§||£g|z—zo|;J2 sg(y(C))l/p|z—zo|.

From the hypothesis of the theorem we obtain that
J,—>0, J,»>0 (6->0),
which proves the required assertion.
The collection of assertions that we have obtained is contradictory. Thus
the theorem is proved.
Example. Let y be a Lebesgue measure in the space C. We will use the
standard notation dy =dxdy. Consider the integral in the condition (2) and,

making a parallel translation, we obtain the equality for ¢ =x+iy:

J, = j lInjz—¢]" dxdy = j [In]¢]|” dxdy.

B(z;5) B(0;0)

X =TrC0S¢

We introduce polar coordinates: { .
y=rsing

27 )

We obtain the equality: J, = [ [r[inr|"drdp=27r|Inr|"dr.
00 0

It is obvious that condition holds for arbitrary p: J, —>0; (6—0) .
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